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NOTE ON AN OPERATION OF THE THIRD GRADE. 

By Albeet a. Bennett. 

If a and b be numbers, the operation of adding & to a has been called 
an operation of the first grade (Stufe), that of multiplying a by b, an opera- 
tion of the second grade, and that of raising a to the power b, one of the 
third grade. With this definition an operation of the third grade bears a 
relation to one of the second grade different from that existing between the 
first two grades. Now a X b may be written, when dealing with ordinary 
numbers, as e'°« ''"'"'°« ^. If in this expression we replace addition by multi- 
pUcation we shall have e<i°« "'(i°« *' = e^'°^ ^"^ ""^'°^ '°^ ^ which we may define 
as alb. We may similarly define alb as gi"*"! i°« ^, and in general for n an 
integer, a^b as e'°« " '-i '"k ^, where in particular alb = a + b and a^b = a X b. 
An operation, 2, exists for every modular field and for each choice of a primi- 
tive root of the field, but no analogous operation, 3, can be defined for 
modular fields, since the set of indices obtained as exponents of the primitive 
root, do not themselves form a field having a primitive root. 

The question arises as to whether for the ordinary real or complex 
number systems we are able to interpolate in the series of operations, ", 
operations, such that ° may be defined continuously for all real or complex 
values of n. We shall be able to do so when once we have obtained the 
iteration of e^ for all values of n, the index of iteration, or as we may write 
it Enix), where Ei(x) ^ e" and E2{x) = e'\ etc. 

We can obtain a definition of En{x), even when we restrict ourselves to 
real numbers, by finding a function /(x) such that e-'''*' = /(x + 1). With 
such an f{x), we may write En{x) =/[» + f~^{x)]. We may take /(O) 
= — 00 , so that /(I) = 0, while between and 1, f{x) is defined as a real one- 
valued function. It may, however, have finite or infinite discontinuities 
of an arbitrary type between and 1, but it will in any case be completely 
defined for all positive values of x when once defined for < a; < 1. It is 
natural to seek to determine a particular J{x) such that y = f{x) is as 
regular as possible as x approaches + «>. Since J{-\- <x) = -)- 00, we 

shall use g{x) = tt-t . . A solution g{x) may be found which is asymptotic 
to OH 1--~2+ •••+"+•••• It might be at first supposed that but 
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one solution g(x) of ei/8(^> = llg{x + 1) could be found for which gr(l) = 00 
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and which is asymptotic to OH \- ••• + — + •••, but such is not the 

case. For example, if f(x) be defined between and 1 as consisting of a 
finite number of arbitrary portions of arbitrarily selected meromorphic 
functions, and meromorphic at each point of discontinuity both from the 
right and from the left, then g{x) = l//(a;) will of necessity be asymptotic 
to the above series. Thus the asymptotic behavior of g(x) does not serve 
to identify it. 

Probably the simplest method of obtaining a function f{x) satisfying 
g/(i) _ j(-^ _|_ ;[•) -^vhich shall be continuous together with all of its deriva- 
tives for positive real values of x is to resort to the complex plane, and apply 
the usual methods for finding the iteration £J„(x).* Thus we seek first a 
number c such that e' = c. Any such point c = u + iv, will be given by 
the intersections of the curves v^ = (e")^ — u^ and u = v cot v. These 
intersections are isolated, infinite in number, and are situated symmetrically 
with respect to the real axis. If Ci is the root, above the real axis, of smallest 
absolute value, the series expansion obtained for En{x) at Ci, by the usual 
method will determine the same function on the positive real axis as when 
we start with Ci, the conjugate of Ci. In a strip lying to the positive side of 
the pure imaginary axis, including the real axis, Ci and Ci, but not including 
any other root c, En{x) thus defined wiU be one-valued, analytic, and will 
carry real points into real points, regarded as a function of x, for any 
positive real value of n. 

It might have been supposed that since f{x) is determinate for a; = 1, 
2, • • •, n, ■ • • , we might apply Newton's interpolation formula, and have 
obtained an analytic function f{x) as desired, although confining ourselves 
to real numbers. The function obtained by the interpolation formula is, 
however, readily seen not to satisfy e-'''"'^ = f{x -\- 1), since, for example, it 
will be finite for a; = 0. When, however, we use the point Ci, the function 
En{x) obtained is exactly the one obtained by a slight modification of 
Newton's formula. • We have merely to expand by Newton's formula, 
En{x)la'^, where the first n is the index of iteration, and the second denotes 
raising to a power, and where a = (e^)' ] x=c„ i- e., a = Ci. Thus, with 
the usual notation, if yn{x) = En{x)lci", for integer values of n, then 

E'^ix) = C^iyoix) + ( i)a2/o(x) + (^ly'yoix) + ■■■ + (")a%(x) + •■•]. 

Princeton, N. J., 
September, 1915. 



* Cf. article by author, Annals of Mathematics, Vol. 17 (1915), p. 31, ff. The expansion 
given below is identical with eq. (5), p. 34. 



